Abstract. In this paper, we consider Radon transform on the Heisenberg group H n , and obtain new inversion formulas via dual Radon transforms and Poisson integrals. We prove that the Radon transform is a unitary operator from Sobelov space W into L 2 (H n ). Moreover, we use the Radon transform to define the Littlewood-Paley g-function on a hyperplane and obtain the LittlewoodPaley theory.
Introduction
We identify any point (x, y) in R 2n with the point z = x + iy in C n and denote the symplectic form [·, ·] on C n by [z, w] = 1 2 Im z, w for z, w ∈ C n . We define the multiplication on C n × R by (z, t)(z , t ) = z + z , t + t + 1 2 Im z, z
for all (z, t) and (z , t ) in C n × R. The group C n × R with respect to the multiplication defined by (1) is denoted by H n and is called the Heisenberg group. It is well known that the Heisenberg group plays an important role in several branches of mathematics. There are, therefore, several ways of realising the group due to the widely application of the Heisenberg group (see [2, 17] ). In 1917, Radon proved that a smooth function in R 3 is completely determined by its integrals over all the planes. This leads in a more general setting to the consideration of the Radon transform. The research of Radon transform has made important influence due to its wide applications to partial differential equations, X-ray technology, radio astronomy and so on. The basic theory and some new results can be found in [9] . Geller-Stein [5] and Strichartz [16] introduced the Heisenberg-Radon
Preliminaries
We denote by O the space all holomorphic functions on C n , the Fock space with λ ∈ (0, ∞) is defined by
and H −λ := {f : f ∈ H λ }. The scalar product is given by
Now, an arbitrary complete orthonormal system of functions ψ λ,α ∈ H λ on C n is represented by
which satisfies ψ λ,α , ψ λ,β = δ αβ , where δ αβ denotes the Kronecker symbol and α = (α 1 , ..., α n ) ∈ N n . It is natural that f ∈ H λ is represented by a series
We define the Bargmann-Fock representation π λ from H n into the group G of all unitary operators on H λ by, for any ψ ∈ H ±λ and any (z, t) ∈ H n , π λ (z, t)ψ(w) = e −2πiλt+πλ w,z −πλ|z| 2 /2 ψ(w − z), and π −λ (z, t)ψ(w) = e 2πiλt+πλ z,w −πλ|z| 2 /2 ψ(w − z), for any λ ∈ R * := R \ {0}. It is easy to see that π λ : H n → G is a group homomorphism and π λ (z, t)ψ → ψ in H λ as (z, t) → (0, 0). Then the unitary representation π λ of H n on H λ is irreducible in the sense that the only closed subspaces of H λ that are invariant under all the operators π λ (z, t), (z, t) ∈ H n , are {0} and H λ . Two unitary representations π λ and π µ of H n are unitarily equivalent if and only if λ = µ. Now, we are able to introduce the following notion of the group Fourier transform on H n . Let f ∈ L 1 (H n ). Then the group Fourier transform π λ on f is defined by
Thus, the Plancherel theorem states as follows.
And the inversion formula is valid:
The inverse formulas of Radon transforms
In this section, our purpose is to get the inverse formulas of Radon transforms. In order to do this we first recall the Abel Fourier transform.
The Fourier transform for t and z-variable, respectively, are given by
and
The symplectic Fourier transform on C n is defined by, for any g ∈ L 2 (C n ),
and then we also obtain
Let π λ (f ) be as in (3) and π λ (z, 0) := π λ (z). Then we define
Therefore, the integral operator w λ for g is defined by
and Plancherel formula is given by
Next, to introduce the notion of the singular convolution operator on H n , we need the following notation. Let T n = ∂ ∂t n . We consider hyperplanes
As we know, T n is studied in fractional differential equations due to its wide applications (see [1, 14, 15] ). In this paper, Combining with these hyperplanes and T n we have the following definition.
Definition 1. The singular convolution operator R n and the dual singular convolution operator R t n for function f, φ, respectively, are defined by
In particular, R 0 is the Heisenberg Radon transform when n = 0 (see [16] ). It is easy to see that R t n φ = R n φ (also see [4] ). We denote by S (H n ) the space all Schwartz functions on H n . Using (9) and (10), we have the following identity
Proof. Let ϕ λ,α be as in (2) and differential operator T n . As we know,
According to the (7), (11), together with (4) and (5), we have
In addition, we need the full Euclidean Fourier transform
By this and (5), we find that
The proof is completed.
Proof. Let φ ∈ S (H n ), By (10), (11) and (6), we deduce that
This finishes the proof of Proposition 2.
Proof. According to the inversion formula in Lemma 1 and (8), we obtain
which implies that,
and hence
From (6), it follows that
By Proposition 2, we find that
holds in L 2 (H n ). Combining with (12) and (13), we have
We complete the proof of Theorem 1.
The Sobolev space W on H n is defined by
, it is easy to verify that
By Lemma 1 and the proof of Theorem 1, we find that
Together with the density argument, we obtain that (14) holds in W ∩ S (H n ). Similarly, we also have
Obviously, C n R 0 T n (f ) = φ ∈ W is well defined. According to (15) and (14), we see that
We remark that the inverse formula of Radon transform is obtained via Propositions 1, 2 and Theorems 1, 2.
Littlewood-Paley g-function
. . , n. X j , Y j be left invariant vector fields on H n . The gradient operator on H n is given by
The sub-Laplacian operator of H n is defined by
L is a positive self-adjoint operator. For a suitable function ψ defined on (0, ∞), the operator ψ(L ) can be defined in terms of the spectral expansion of L . Then
Let φ denote the kernel function of ψ(L ). Then
We denote by R(H n ) the set of all these functions φ. Let φ ∈ R(H n ), the Littlewood-Paley g-function on H n is defined by
where R n f is as in (9) and φ ρ (u) = ρ −n−1 φ( u √ ρ ) for all ρ > 0. The homogeneous norm on the Heisenberg group is given by |u| = |(z, t)| = (|z| 4 + t 2 ) 1/4 , which satisfies the trigonometric inequality |uv| ≤ |u| + |v|.
and |∇φ(u)| ≤ C(1 + |u|) −2n−3− , where constants C, > 0, then for p = 2n+2 2n+1 and q = 2n + 2, there exist constants A q , B p > 0, such that
To prove Theorem 3, we need the following several technique Lemmas. Firstly, we consider the form of Fourier transform of |x| α−n , which is used to develop the boundedness of the singular convolution operator from L p (H n ) to L q (H n ), where 0 < α < n. Now, we show the Fourier transform of a Guassian function. For ε > 0, denote by g ε the Gaussian function on R n given by
By (16), we obtain the following lemma. Lemma 2. Let c α := π −α/2 Γ(α/2) (0 < α < n). Then, for any s ∈ R n ,
Proof. Our starting point is the elementary formula
By Fubini's theorem, together with (18) and (16), we have,
Lemma 3. The estimate R n f q ≤ c f p holds if and only if p = 2n+2 2n+1 and q = 2n + 2. Proof. To show that the estimate R n f q ≤ c f p holds we use an analytic families interpolation argument. We let
where α is complex parameter in the strip 0 ≤ Reα ≤ 1. It is obvious that on the line Reα = 0 the operator T α,n is bounded from L 1 to L ∞ , while on the line Reα = 1 a simple computation with (17) shows
and a modification of the proof of Theorem 1 shows that T α,n is bounded from L 2 to L 2 . The various Γ-factors are innocuous, so the Stein interpolation theorem yields the boundedness of R n from L p to L q for exactly p = 2n+2 2n+1 , q = 2n + 2. The necessity of proof is similar to that of [16, p. 387] , the details being omitted.
The following lemma is just [12] .
for any f ∈ L p (H n ). 
The Poisson integral as a Radon transform onŠilov boundary ∂U n+1
Let U n+1 be the generalized upper half-plane in C n+1 ,
|z j | 2 ; see, for example, [13] .
For any α = (α 1 , α), β = (β 1 , β) ∈ U n+1 , we consider the almost analytic extension of
In particular, when α = β, ρ(α, α) = ρ(α) = Imα 1 − | α| 2 .
For f holomorphic on the Siegel upper half-space U n+1 , we define
|f ( z, z 1 + i| z| 2 + iρ)| 2 d| z|d|z 1 | 1 2
.
Then we set
where ρ is introduced on U n+1 . For F ∈ H 2 (U n+1 ), we let F ρ ( α, t) = F α, t + i| α| 2 + iρ .
Definition 2. The Poisson-Szegö kernel P is defined by
where S(α, β) = (n+1)! 4π n+1 · 1 ρ(α,β) n+1 is Szegö kernel.
Let the Poisson kernel P be as in (20). Then, for any f ∈ L 2 (∂U n+1 ), we have
where dσ is a measure element of ∂U n+1 (see [11] ). On the disk D : |z| < 1, Helgason [9] proved that the Poisson integral and Radon transforms are equivalent. By [10, Proposition 2.5 and 2.6], we can obtain the following proposition.
Proposition 3. Let F ρ be as in (19). We assume that the Radon transform is the classical Poisson integral as in (21). Then the inverse formula is given by f ( z, t) = lim ρ→0 F ρ ( z, t), where f ( z, t) ∈ L 2 (∂U n+1 ).
